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AN ELEMENTARY PROOF OF THE 
BRIANgON-SKODA THEOREM 

JACOB SZNAJDMAN 

Abstract. We give a new elementary proof of the Briangon- 
Skoda theorem, which states that for an m-generated ideal o in 
the ring of germs of analytic functions at G C", the r^:th power 
of its integral closure is contained in a, where v = niin(?n, n). 



[ — ^. 1. Introduction 

>, 

rj , Let On be the ring of germs of holomorphic functions at G C" 

The integral closure I of an ideal / is the set of all G On such that 



(1.1) 0^ + ai0^-^ + --- + a;v = O, 

and ak E I^, k = 1, . . . ,N. 

Theorem 1.1 (Briangon-Skoda). Let a be an ideal of On generated by 
m germs /i, . . . , Z^. Then a'^Hm,n)+i ^ ^i+i ^ 



P^ ! In 1974 Briangon and Skoda, |Sko74j . proved this theorem as a quite 

QQ I immediate consequence of Skoda's L^-theorem in [Sko72j . 

O ■ An algebraic proof was given by Lipman and Tessier in |Tes81] . Their 

paper also contains a historical summary. An account of the further 
'k>( \ development and an elementary algebraic proof of the result is found 

;h ' in Schoutens |Sch03j . 



Berenstein, Gay, Vidras and Yger Yge93| proved the theorem by 



finding an integral representation formula = X^Mj/j with explicit Mj. 
However, some estimates rely on Hironaka's theorem. 

In this note, we provide a completely elementary proof along these 
lines. The key point is an V" estimate (Proposition 12.11) . to which the 
proof is reduced in Section [3l 

Acknowledgements I am greatful to Mats Andersson for intro- 
ducing me to the subject and providing many helpful comments and 
ideas. 
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2. The Main Estimate 

Proposition 2.1. Let /i, f2, ■ ■ ■ , fm be holomorphic functions defined 
in a neighborhood of E C". Then 

\dfiA---Adfm\ 

is integrable on some ball centered at the origin. 

Remark 2.2. If /j are monomials, the assertion is trivial. By Hironaka's 
theorem, one can reduce to this case, since integrability is preserved 
under push-forward. 

Lemma 2.3. For any F e On, F ^0, there is S > 0, such that l/\F\^ 
is integrable on some ball centered at the origin. 

Proof. We can assume that F is a Weierstrass polynomial and that 
the domain is a product of a disk and a polydisk. Then we partition 
each disk (slice) into sets, one for each root, consisting of those points 
which are the closest to that root. Thus the integrand is no worse than 
z^^'. D 

Proof of Proposition \2.1[ By Lemma fl^ and the inequality 2ab < a^ + 
b^ it suffices to show that for any positive 6 the function 

\dfiA^_-AdUl 

is integrable on some ball centered at the origin. This follows from the 
Chern-Levine-Nirenberg inequalities (e.g. } Dem 07] (3.3), Ch. Ill) and 
(12. 3p . We proceed however without explicitly relying on facts about 
positive forms or plurisubharmonic functions. 

Let us first set 

f3='-dd\C\'='-J2dQ^dQ, and Pk = j^- 

A simple calculation gives that for any (l,0)-forms aj, 

(2.1) iai A oT A ■ ■ ■ A iap /Mxf, /\ Pn-p = |ai A ■ ■ • A ap\^dV. 

We now compute 



\fj\' + e 



ddm' + er = Ul+ \/l' I (I// + 'f df, A W], 
which yields that 

(2.2) ^^Il^^%,=G,^^^i\f,nef^ 

where 



G -^ 



l+(^-l^ l^^l^ 



2 J\fj\' + e. 



Observe that (|) < Gj < (|) . We introduce the regularized form 



FMV 



\dhA---Adf„ 



:dV 



UT {^df, A df,) A /?„ 



(2.3) 






From the equahty |wp = |t/; A tf;|, that holds for all (p, 0)-forms w, and 
(El, we get 



\\\T {id f n A d f j)\ dV i-n- — /, ,o N<5/2 
(2-4) FM= ^^!^^\/^l , '//,L =\[{^^^dd{\h? + ^)' 



mm'+e 



1-5/2 



rfV. 



Let S be a ball about the origin and let xb be a smooth cut-off function 
supported in a ball of twice the radius. We now use the two expressions 
(12. 3p and (12. 4p for F^ and integrate by parts to see that 



Fe<C Xb 



B 



,5/2 



idd{\h\^ + eY'' A---Mdd{\U^ + e) 



5/2 



dV 



,5/2 



5/2 



C / XB*59 (l/ip + e)"^^ A ■ ■ ■ A 299 (|/„|2 + sY'' A A 



c 



,5/2 



5/2 



ddxB{\h? + eY'' A---Mdd{\U^ + ey'' A^r. 



< 



<Csnp\M' 



2B 



2B 



,5/2 



tdd{\f2\' + ey'A---Atdd{\U\' + e) 



5/2 



dV. 



By induction, we now have 



|F,| < C sup l/i 

2m + l^ 



/ml < OO, 



SO if we let e tend to zero, we get the desired bound. 



D 



3. A Proof of the BmANgoN-SKODA Theorem 
By a simple estimate, (11.11) with / = a™°(''"'")+' imphes that 
(3.1) 101 < C7|/p*°("''^)+'. 

To prove Theorem 11.11 it thus suffices to show that G a', provided 
that (13.11) holds. We will use an explicit division formula introduced 
in [Ber83j . but for convenience, we use the formalism from |And03j to 
obtain it. 

Proof of Theorem \l.l\ Define the operator V^_2 = ^c-z — d, where (5^_2 
is contraction with the vector field 



n 



2vri > (Cfc - Zk) 



1 



_d_ 
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A weight with respect to a point 2; G C" is a smooth differential form 
g for which Vc^-zQ = and (7(0,0) (-z) = 1 holds. If furthermore g has 
compact support and is holomorphic, then 

(3.2) 0(^)= /"0(Ck(C). 



Next, take an m-tuple h = {hi) of so called Hefer forms, which 
are holomorphic forms in C^" such that S(^-zhi = /j(C) ~ fi{z), where 
fi are as in Theorem II. 1[ Also define /i = min(m, n + 1) and o", = 
/j/l/P and let Xe = x(l/l/^) be a smooth cut-off function, where x is 
approximatively the characteristic function for [1, 00). 

For convenience, we assume that / = 0, although the general proof 
goes through verbatim by just replacing fi with fi + I. We can now 
define the weight 

gB = {l-Vc-Ah-XeCT)r 

(3.3) = (1 - X. + /(^) -XeCT + h-d ixecr)Y = 

= f{z)-A + B,, 

where 

(3.4) A = Y, CkXeCrifiz) ■ Xecrf [l - Xs + h ■ d (xscr)] ""'-' 

fc=0 

and 

(3.5) B,= {l-Xe + h-d{xs(r)Y. 

Let g be any weight with respect to z which has compact support 
and is holomorphic in z near (see |And03] for the construction). An 
application of (13. 2p to the weight gs ^ 9 yields 

(3.6) 0(^) = fiz) ■ j <P{C)Ae Ag + j 0(C)5. A g. 

To obtain the division, we begin by showing that the second term tends 
uniformly to zero for small \z\. 

On the set {|/| > 2e}, we have S^ = [h ■ da) , which vanishes 
regardless of whether fi = n + l 01 fi = m. In the latter case apply d 
to / ■ cr = 1 to see that da is linearly dependent. Hence, it remains 
to find an integrable bound that holds uniformly. A simple calculation 
gives that 

(3.7) dxs = 0{l)\f\-'J2Wj and da. = 0{l)\f\-'J2^^^ 

since |/| ~ e on the support of dxe- Note also that |o"| = |/|^^. By 
the assumption (13. ip . the integrand (f){()B^ A g consists of terms of the 



type 

C0(C) (dxeh -aYA {xeh ■ da)\l - Xef A 9 = 

= 0(1) A I /|(™™(m,n)-2(a+6))^^ 

where /x = a + b + c, I C {1,2... m}, \I\ =a + b<fi<m and 
dfi = l\dfi. It follows from Proposition 12. II that the expression above 

is the required bound if a + 6 < min(m, ra), but we also have a + h <n 
due to bidegree reasons. We now know that \(j){QB^/\g\ is bounded by 
X\f\<2eF for an integrable function F . The convergence will therefore 
indeed be uniform in z. 

According to (13.61) . it remains to show that / 0(C)^e A g converges as 
e — s> 0, since it is clearly holomorphic for each fixed e. We consider first 
the case m < n, which implies /i = min(?7i, n + 1) = min(m, n) = m. 
A generic term in (f){()Ai; can be estimated by 

0{1) A <P{CMf{z) ■ Xeaf{dxeh ■ af A {h ■ da)\ 

where a + b<fi — k — 1, k<^— 1. As in the first part of the proof 
this yields an integrable bound by Proposition 12. II and (13. 7p . The same 
estimate automatically holds for 

A = limA, = Vc,a[/(z) ■ af[h ■ da]^''''. 

fc=0 

As above, one sees that / (j){()A^ A g ^ J 0(C)^ A g uniformly. 

The case m > n presents an additional difficulty as 4>AAg will not be 
integrable. Since the first part of the argument does not depend on the 
assumption m < n, we have that (p is in the closure of a with respect 
to uniform convergence. All ideals are however closed in this topology, 
so (f) belongs to a. The second course of action, which is followed in 
|Sko74j . is to consider a reduction of the ideal a. That is, an ideal b C a 
generated by n germs such that b = o, e.g. Lemma 10.3, Ch. VIII in 
|Dem07j . D 
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